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Abstract
Let X be the wonderful compactification of the semisimple adjoint algebraic group G. We show that
the basis of H 0(X,L) constructed by Chirivì and Maffei is compatible with all B × B-orbit closures in X
by defining subsets using only combinatorics of the underlying paths. Furthermore, we construct standard
monomials on X that have properties similar to classical standard monomials.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Standard monomials; Group compactification; Wonderful
1. Introduction
Let G be a semisimple algebraic group over an algebraically closed field. One aim of standard
monomial theory is to define bases of the space of global sections H 0(G/B,Lλ). Here B is a
Borel subgroup of G, G/B is the flag variety, and λ is a dominant weight of G with associated
line bundle Lλ. The elements of this basis should be weight vectors of G and behave nicely
under restriction to the Schubert varieties in G/B . As H 0(G/B,Lλ) ∼= V (λ)∗ by the Borel–
Weil theorem, this also gives bases of the highest weight modules of G that have nice geometric
properties.
One solution for this is the path model which defines paths in the weight lattice and an asso-
ciated path vector pπ ∈ H 0(G/B,Lλ) for every LS-path of the form λ. These path vectors form
a basis of the G-module H 0(G/B,Lλ). Given a Schubert variety S(w) in G/B , it is possible
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restrict to a basis of H 0(S(w),Lλ). This definition depends purely on combinatorial properties
of the paths. The path vectors associated to LS-paths are called standard monomials an G/B .
As a generalization, it would be nice to have an analogue for compactifications of symmet-
ric spaces G/H instead of the flag variety G/B . This paper deals with the special case of the
wonderful compactification of an adjoint group G, that is considered as a symmetric space of the
group G×G. The wonderful compactification X of the group G consists of several G×G-orbits
of which exactly one is closed, and this unique closed orbit Y is isomorphic to G/B×G/B . Now
the existing standard monomials on G/B×G/B can be extended to X to get standard monomials
on X.
In this paper we show, that arbitrary extensions are compatible not only with the closures of
G × G-orbits in X, but also with the closures of all B × B-orbits. Furthermore, we construct
extensions that possess attributes similar to those of classical standard monomials.
The paper is organized as follows. In the second section, we shortly recall the construction of
the wonderful compactification X of a group G. We also include the description of the B × B-
orbits in X and their closure relations obtained by Springer. Furthermore, a short description of
the line bundles on X is given.
In the third section, we very briefly describe standard monomials on the flag variety G/B . We
do not give an adequate presentation of the path model and standard monomials, but state only
those properties of LS-paths and path vectors we will need later.
The fourth section contains a resume of the results of the paper [5], in which Chirivì and
Maffei construct standard monomials for wonderful compactifications of symmetric spaces. We
give the definition and the properties in the special case of the wonderful compactification of
a group. In particular, the set M(λ) is defined which is a basis for H 0(X,Lλ) compatible with
restrictions to G×G-orbit closures.
In the fifth section, we define for every B × B-orbit closure Z a subset M(λ)Z of M(λ) which
restricts to a linearly independent subset of H 0(Z,Lλ). Using consequences of the existence of
a compatible Frobenius splitting and properties of the associated graded module for a suitable
filtration, we prove that M(λ)Z is also a basis of the global sections on Z. Thus, we show that in
the case of a group compactification the basisM(λ) is compatible with restrictions to B×B-orbit
closures as well.
In the last section we take advantage of the fact that so far, none of the constructions depends
on the choice of the continuation of the standard monomials on Y to X. This section is dedicated
to the construction of standard monomials for X which have properties similar to the classical
standard monomials.
2. Wonderful group compactifications
In [6], De Concini and Procesi construct the wonderful compactification of an adjoint group
G in characteristic zero as a special case of symmetric spaces. The definition was extended to
positive characteristic by Strickland in [13]. In this section, we shortly recall the construction and
properties of wonderful group compactifications.
Let G be an adjoint semisimple algebraic group over an algebraically closed field k of ar-
bitrary characteristic. Choose a Borel subgroup B and a torus T such that T ⊂ B ⊂ G. The
corresponding weight lattice is Λ, with dominant weights Λ+. The set of simple roots is
Δ = {α1, . . . , αl}, the positive roots are denoted by Φ+ and the negative roots by Φ− = −Φ+.
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images of the subgroups of G in G˜ by T˜ = π−1ad (T ), B˜ = π−1ad (B).
The group G can be considered as the symmetric space (G×G)/diagG, where diagG denotes
the diagonal in G×G. For a suitable G-module M , this space G ∼= (G×G)/diagG is isomorphic
to the orbit (G×G) ·h of an element h ∈ P(End(M)), where G×G acts on End(M) ∼= M∗ ⊗M
via (g1, g2) · (m1 ⊗ m2) = g1m1 ⊗ g2m2. Thus, G is embedded in P(End(M)). Define the won-
derful compactification X of G as the closure of (G × G) · h in P(End(M)). In characteristic
zero, M can be taken as the highest weight module V (λ) for any regular weight λ. The wonder-
ful compactification will be independent of the chosen weight λ. In positive characteristic, the
Steinberg module is such a suitable module.
Proposition 1. (Theorem 3.1 in [6]) Let X be the wonderful compactification of an adjoint group
G of rank l.
(1) X is smooth.
(2) X \ (G×G) · h is the union of l smooth divisors S1, . . . , Sl , which intersect transversally.
(3) There is a bijection between the subsets of D := {1,2, . . . , l} and the set of G × G-orbits in
X given by I → X◦I where the closure of X◦I is XI :=
⋂
i /∈I Si .
(4) The unique closed G×G-orbit X∅ =⋂li=1 Sl is isomorphic to G/B×G/B and also denoted
by Y .
So for two subsets I, J ⊂ D one has I ⊂ J ⇔ XI ⊂ XJ . Every G×G-orbits contains a base
point hI , which has the following properties:
(1) (B ×B−) · hI is dense in XI , and
(2) there is a cocharacter γ of T such that hI = limt→0 γ (t).
Springer also describes the B ×B-orbits and their closure relations explicitly.
Proposition 2. (Lemma 1.3 in [12])
(1) The B ×B-orbits in X are
[I, x,w] := (B ×B) · (x,w) · hI ,
where I ⊆ D, x ∈ WI , and w ∈ W . Here W is the Weyl group of G, WI the parabolic
subgroup of W generated by the simple reflections corresponding to the roots αi such that
i ∈ I , and WI is the set of minimal representatives in W/WI .
(2) The relation between the set {(I, x,w) | I ⊆ D, x ∈ WI , w ∈ W } and the set of B×B-orbits
in X is a bijection.
(3) The dimension of a B ×B-orbit is given by
dim[I, x,w] = l(w0)− l(x)+ l(w)+ |I |.
Here w0 is the longest element in W and l(w) denotes the length of the element w of the
Weyl group.
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[I, x′,w′] [J, x,w] : ⇔ [I, x′,w′] ⊆ [J, x,w].
The closures of the B × B-orbits [∅, x,w], where x,w ∈ W , are the well-known Schubert
varieties in Y ∼= G/B ×G/B . Denoting the Schubert variety in G/B corresponding to the Weyl
group element w by S(w), one has
[∅, x,w] ∼= S(xw0)× S(w).
The closures of the B ×B-orbits [D, id,w] where w ∈ W are called large Schubert varieties and
denoted by X(w).
Proposition 3. (Proposition 2.4 in [12]) Let [I, x′,w′], [J, x,w] be two B ×B-orbits in X where
I, J ⊂ D, x′ ∈ WI , x ∈ WJ , and w′,w ∈ W . The relation [I, x′,w′]  [J, x,w] holds if and
only if
(1) I ⊆ J , and
(2) there exist u ∈ WI and v ∈ WJ ∩ WI such that
(a) l(wv) = l(w)+ l(v),
(b) x′  xvu−1, and
(c) w′uwv.
Here  denotes the Bruhat order on the Weyl group.
Proposition 4. (Lemma 2.4 in [13]) The restriction map Pic(X) → Pic(Y ) is injective. Its image
is the sub-lattice {(−w0λ,λ) | λ ∈ Λ} ∼= Λ.
So we get Λ ∼= Pic(X) via λ → Lλ, where Lλ is the line bundle on X which restricts to
L(G/B)−w0λ L
(G/B)
λ on Y
∼= G/B ×G/B . Here L(G/B)λ denotes the line bundle G×B k−λ on G/B
associated to the weight λ.
Proposition 5. (Corollary 8.2 in [6] and Section 1 in [4]) For every i = 1, . . . , l there is a G×G-
invariant section σi ∈ H 0(X,Lαi ) with divisor Si , that is unique up to multiplication by a scalar.
Let λ,μ ∈ Λ be two weights. Write μ λ if there are non-negative numbers n1, . . . , nl ∈ N0
such that λ−μ =∑li=1 niαi . Denote such a collection of numbers by
n = (n1, . . . , nl) ∈ Nl0.
The norm of the vector n is |n| =∑li=1 ni . Denoting α = (α1, . . . , αl), the scalar product is
nα =∑li=1 niαi . There are two convenient ways to refer to products of σi . Write
σ n = σn11 · · ·σnll = σ (λ−μ)
in case μ λ and λ−μ = nα. Write in this case also |λ− μ| = |n|.
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H 0(X,Lλ) = 0 ⇔ ∃μ ∈ Λ+ such that μ λ.
3. Standard monomials for G/B
In this section, we briefly recall the facts we will need about the path model and standard
monomials. We refer to [10] for a more detailed exposition.
One of the basic results of standard monomial theory is a set {p(λ)π | π ∈ Bλ} which forms a
basis of the G-module H 0(G/B,Lλ) and has some nice properties. Its elements p(λ)π are called
path vectors and are indexed by the set Bλ of LS-paths π of the form λ ∈ Λ+. Two of their
properties will be of importance later on. First, the end point π(1) of a path π ∈ Bλ is in Λ, and
the corresponding path vector p(λ)π is a weight vector of weight −π(1). The second property is
that there exists a map i :Bλ → W which assigns to an LS-path π an element of the Weyl group
i(π) called its initial direction. This is used to define for a path the notion of being standard on a
Schubert variety in G/B .
Definition 7. Let Y =⋃X(τi) be a union of Schubert varieties X(τi) in G/B . The LS-path
π ∈ Bλ is standard on Y if and only if i(π) τi for at least one τi . Here i(π) ∈ W is the initial
direction of the path π and  denotes the Bruhat order on the Weyl group. The associated path
vector pπ ∈ H 0(G/B,Lλ) is standard on Y if and only if the path π is.
Proposition 8. (Theorem 5.3, Corollary 5.2, Theorem 8.6 in [10])
(1) The set of path vectors {pπ | π ∈ Bλ} of the form λ is a basis of H 0(G/B,Lλ).
(2) {pπ |Y | π ∈ Bλ, π standard on Y } is a basis of H 0(Y,Lλ|Y ).
(3) {pπ | π ∈ Bλ, π not standard on Y } is a basis of the kernel of the restriction map
H 0(G/B,Lλ) → H 0(Y,Lλ|Y ).
4. Standard monomials for X
In [5], Chirivì and Maffei construct standard monomials for the wonderful embedding of
a symmetric space G/H that extend the classical standard monomials. The construction and
properties of the extended monomials in the case X = G¯ are given in this section.
Let X be the wonderful compactification of the group G and λ ∈ Λ+ a dominant weight.
The line bundle Lλ ∈ Pic(X) can be G˜ × G˜-linearized. This gives a linear action of G˜ × G˜
on H 0(X,Lλ). For any closed G × G-stable subvariety Z of X, we consider H 0(Z,Lλ) as a
G˜× G˜-module.
The following proposition is proved by De Concini and Procesi in the proof of Theorem 8.3 in
[6] in case k = C. The arguments used are generalized to arbitrary characteristic by De Concini
and Springer in the last paragraph of [7].
Proposition 9. For all λ ∈ Λ+ the restriction map H 0(X,Lλ) → H 0(Y,Lλ) is surjective.
Let λ ∈ Λ+ be a dominant weight. For any dominant μ  λ and any LS-path π ∈ Bμ there
exists a path vector p(μ)π ∈ H 0(Y,Lμ). Choose for every p(μ)π an arbitrary continuation x(μ)π ∈
H 0(X,Lμ) such that x(μ)π |Y = p(μ)π .
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M(λ) := {σ (λ−μ)x(μ)π ∣∣ μ ∈ Λ+, μ λ, π ∈ Bμ}
is a basis of H 0(X,Lλ).
The next proposition shows that this basis is compatible with the G×G-orbits in X.
The closure XI of the G×G-orbit corresponding to I ⊆ D satisfies XI =⋂i /∈I Si . Hence, the
restriction of the G × G-invariant section σi to XI is non-zero if and only if i ∈ I . In particular,
on the unique closed orbit X∅ = Y we have σ1|Y = · · · = σl |Y = 0.
Definition 11. Let XI be the closure of a G × G-orbit in X and λ,μ ∈ Λ+ two dominant
weights such that μ  λ. Then λ − μ =∑li=1 niαi where ni ∈ N0 for all i ∈ D. The mono-
mial σ (λ−μ)x(μ)π ∈M(λ) is standard on XI if and only if ni = 0 for all i /∈ I .
Proposition 12. (Corollary 3.4 in [5]) Let XI be the closure of a G×G-orbit in X. The set
M(λ)XI :=
{
σ (λ−μ)x(μ)π
∣∣
XI
∣∣ σ (λ−μ)x(μ)π standard on XI}
is a basis of H 0(XI ,Lλ).
5. A basis for H 0(Z,Lλ)
Let X be the wonderful compactification of the group G and Z the closure of a B × B-orbit
in X. In this part, for any λ ∈ Λ+ we define a subset M(λ)Z of M(λ) which is a basis of the
B˜ × B˜-module H 0(Z,Lλ).
Consider a B ×B-orbit [I, x,w], I ⊆ D, x ∈ WI , w ∈ W , and its closure Z. As the intersec-
tion Z ∩ Y with the unique closed G×G-orbit Y = X∅ is closed and B ×B-stable, it is a union
of Schubert varieties in Y ∼= G/B × G/B . A basis of H 0(Z ∩ Y,Lμ|Z∩Y ) for μ ∈ Λ+ is given
by the set of restrictions of the standard monomials p(μ)π |Z∩Y , that are standard on Z ∩ Y .
For any dominant weight μ ∈ Λ+ and any LS-path π ∈ Bμ let x(μ)π ∈ H 0(X,Lμ) be an arbi-
trary continuation of the standard monomial p(μ)π ∈ H 0(Y,Lμ) to X.
Definition 13. The path π ∈ Bμ and x(μ)π are standard on Z if and only if p(μ)π = x(μ)π |Y is
standard on the union of Schubert varieties Z ∩ Y .
Proposition 14. Let Z be the closure of the B × B-orbit [I, x,w] in X, where I = {i1, . . . ,
ir} ⊆ D, x ∈ WI , and w ∈ W .
M(λ)Z :=
{
σ
n1
i1
· · ·σnrir x(μ)π
∣∣
Z
∣∣∣ μ = λ − r∑
k=1
nkαik ∈ Λ+, n1, . . . , nr ∈ N0,
π ∈ Bμ standard on Z
}
is a linearly independent subset of H 0(Z,Lλ|Z).
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∑
μλ
∑
π∈Bμ
β(μ)π σ
n1
i1
· · ·σnrir x(μ)π
∣∣
Z
= 0, (1)
where β(μ)π ∈ k and x(μ)π is standard on Z. Here the sum is over all μ = λ −∑rk=1 nkαik ∈ Λ+
such that n1, . . . , nr ∈ N0.
All σi are zero on the closed G×G-orbit Y , so the restriction of (1) to Z ∩ Y yields
∑
π∈Bλ
β(λ)π x
(λ)
π
∣∣
Z∩Y = 0.
But p(λ)π = x(λ)π |Y are standard and in particular linearly independent on Z ∩ Y , so β(λ)π = 0 for
all π ∈ Bλ.
The next aim is to show that Eq. (1) also implies β(μ)π = 0 for all π ∈ Bμ and μ ∈ M :=
{μ λ | μ = λ −∑rk=1 nkαik ∈ Λ+, nk ∈ N0}, μ = λ. Therefore, a lexicographic order on the
set {μ ∈ Λ+ | μ λ} is defined as follows:
Let μ,μ′  λ where μ = λ − ∑li=1 niαi ∈ Λ+, μ′ = λ − ∑li=1 n′iαi ∈ Λ+. We have
μ >lex μ′ if and only if there exists j ∈ {1, . . . , l} such that ni = n′i for all i < j and nj < n′j .
This definition yields a total ordering on the set {μ ∈ Λ+ | μ λ} which can be restricted to
the subset M that contains those μ = λ−∑lj=1 njαj ∈ Λ+ where nj = 0 for j /∈ I = {i1, . . . , ir }.
Now consider a weight ν ∈ M , ν < λ and assume β(μ)π = 0 for all π ∈ Bμ and μ >lex ν. It
remains to show that β(ν)π = 0 for all π ∈ Bν . Let λ − ν =∑rk=1 nkαik and j ∈ {1, . . . , r} such
that nj = 0 and nk = 0 for all k < j .
On the closure X{αij ,...,αir } of the G × G-orbit X◦{αij ,...,αir } we have σi1 = · · · = σij−1 = 0. So
if we restrict the sections, Eq. (1) becomes
∑
(mj ,...,mr )∈Nr−j+1
μ=λ−∑rk=j mkαik∈Λ+
∑
π∈Bμ
β(μ)π σ
mj
ij
· · ·σmrir x(μ)π
∣∣
Z∩X{αij ,...,αir }
= 0
where mj  nj . All σ
mj
ij
· · ·σmrir x
(μ)
π |Z∩X{αij ,...,αir } lie in the image of
H 0(Z ∩X{αij ,...,αir },Lλ−nj αij )
σ
nj
ij
·
−−−−→ H 0(Z ∩ X{αij ,...,αir },Lλ).
The wonderful compactification of a group is in particular a complete regular G×G-variety,
so Theorem 1.4 in [2] can be applied. Part (ii) implies that the intersection of an irreducible
component of Z ∩ XJ with the G × G-orbit X◦J for J ⊆ I is non-empty. Since σij is G × G-
invariant and does not vanish on the G × G-orbit X◦ for αij ∈ J , the multiplication by σnj isJ ij
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ir
x
(μ)
π |Z∩X{αij ,...,αir } } is linearly independent if and
only if the set of pre-images
{
σ
mj−nj
ij
σ
mj+1
ij+1 · · ·σ
mr
ir
x(μ)π
∣∣
Z∩X{αij ,...,αir }
}⊆ H 0(Z ∩ X{αij ,...,αir },Lλ−nj αij )
is, too. Restricting to the closure of the G×G-orbit X{αij+1 ,...αir } the equation∑
(mj ,...,mr )∈Nr−j+1
μ=λ−∑rk=j mkαik∈Λ+
∑
π∈Bμ
β(μ)π σ
mj−nj
ij
σ
mj+1
ij+1 · · ·σ
mr
ir
x(μ)π
∣∣
Z∩X{αij ,...,αir }
= 0
becomes ∑
(mj+1,...,mr )∈Nr−j
μ=λ−nj αij −
∑r
k=j+1 mkαik∈Λ+
∑
π∈Bμ
β(μ)π σ
mj+1
ij+1 · · ·σ
mr
ir
x(μ)π
∣∣
Z∩X{αij+1 ,...,αir }
= 0,
where mj+1  nj+1 by induction hypothesis. Hence, the last steps can be repeated with j + 1,
j + 2, . . . , r . Finally, Eq. (1) gives ∑
π∈Bν
β(ν)π x
(ν)
π
∣∣
Z∩Y = 0.
As all x(ν)π are standard on Z ∩ Y , this implies β(ν)π = 0 for all π ∈ Bν . 
Remark 15. The same proof also works for corresponding sets when X = G/H is the wonderful
compactification of an arbitrary symmetric space (see Proposition 2.1 in [1]). In this case, stan-
dard monomials on the closure Z of a B-orbit can be defined in the same way. But while the set
M(λ)Z is still linearly independent, in general it is not a basis of H 0(Z,Lλ).
To show that M(λ)Z is a basis, the dimension of the B˜ × B˜-module H 0(Z,Lλ) has to be
calculated. For this, we follow the approach of Brion and Polo in [4] and generalize some of
their results on large Schubert varieties to arbitrary B ×B-orbit closures.
First, we need some facts that are obtained by using the methods of Frobenius splitting. For
this, we recall some important definitions.
Definition 16. (Definitions 1.1 and 1.2 in [11]) Let X be a projective variety over an algebraically
closed field k of characteristic p > 0 and Y a closed subvariety with ideal sheaf I . The absolute
Frobenius morphism is denoted by F :X → X as well as the pth power map F :OX → F∗OX .
Let L be a line bundle on X and s :OX → L be a non-zero section of L with zeroes precisely on
the divisor D.
(1) X is Frobenius split if there is an OX-module morphism ϕ :F∗OX →OX such that ϕ ◦F =
idOX . The morphism ϕ is called Frobenius splitting.
(2) The Frobenius splitting ϕ splits X compatibly with Y if ϕ(F∗I) = I .
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is a Frobenius splitting of X.
(4) Y is compatibly D-split if ϕ = Ψ ◦ F∗(s) splits X compatibly with Y and no irreducible
component of Y is contained in supp(D).
Let the algebraic group G be defined over an algebraically closed field of positive characteris-
tic. In [4], Brion and Polo construct a Frobenius splitting σ ∈ HomOX(F∗OX,OX) that splits X
compatibly with the closures of all G×G-orbits XI and with the large Schubert varieties X(w)
(Theorem 2 in [4]). He and Thomsen show in [9] that any splitting, that splits X compatibly with
these subvarieties, splits X compatibly also with any B × B-orbit closure Z (see the proof of
Proposition 7.1 in [9]), because every such Z is an irreducible component of the intersection of
two B ×B-orbit closures of higher dimension (Proposition 6.5 in [9]). Combining this, we have
Proposition 17. The splitting σ constructed by Brion and Polo in Theorem 2 in [4] splits X
compatibly with all closures of B ×B-orbits in X.
Corollary 18. Let X be the wonderful compactification of the adjoint group G over an alge-
braically closed field of arbitrary characteristic. Let λ ∈ Λ+, XI be the closure of a G×G-orbit
and Z the closure of a B ×B-orbit in X.
(1) The restriction maps resZ :H 0(X,Lλ) → H 0(Z,Lλ) and resZ∩Y :H 0(Z,Lλ) → H 0(Z ∩
Y,Lλ) are surjective. Here Lλ also denotes the restriction of the line bundle to Z respectively
Z ∩ Y .
Furthermore, Hi(Z,Lλ) = 0 for all i > 0.
(2) The scheme theoretic intersection Z ∩XI is reduced.
Proof. First, consider the case char(k) = p > 0. If λ is regular, then the line bundle Lλ is am-
ple by Lemma 1 in [4] and the first assertion is just Proposition 7.2 in [9] for the special case
of the wonderful compactification. To prove the assertion in case λ is not regular, we will use
Proposition 1.13(ii) from [11]. To apply this proposition, we have to show the following.
(1) There is a divisor D such that X is Frobenius D-split and the corresponding line bundle
L =O(D) is ample,
(2) any B ×B-orbit closure Z is compatibly D-split, and
(3) Lλ is without base points.
In the proof of Theorem 2 in [4] Brion and Polo show, that σ splits X compatibly
with the B × B-stable divisor D+ := ∑li=1 X(w0si) as well as the B− × B−-stable divi-
sor D− := (w0,w0)D+ = ∑li=1 X−(siw0). Here B− denotes the opposite Borel of B and
X−(w) = B−wB−, where w ∈ W , is an opposite large Schubert variety in X. In particular,
by Theorem 1.4.10 in [3] σ is a (p − 1)D−-splitting.
Furthermore, in the proof of Theorem 2 in [4] it is shown, that the line bundle associated to
the divisor (p − 1)D− is L(p−1) . As  is a regular weight, this line bundle is ample again by
Lemma 1 in [4]. So, setting D := (p − 1)D−, we get (1).
The support T := supp(D) = supp((p − 1)D−) =⋃li=1 X−(siw0) contains no B × B-orbit.
Indeed, if x ∈ T such that (B×B)x ⊆ T , then (B−×B−)(B×B)x ⊆ T , because T is B−×B−-
stable. As B−B is dense in G and T is closed, this implies (G×G)x ⊆ T . But this is not possible,
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B × B-orbits is contained in supp(D). Combined with the fact that σ splits X compatibly with
all considered subvarieties Z this yields (2).
For dominant λ, the line bundle Lλ is generated by its global sections and therefore without
base points by Lemma 1 in [4]. This shows (3).
So Proposition 1.13(ii) in [11] can be applied and yields the first assertion in positive char-
acteristic. Using Proposition 1.6.2 and Corollary 1.6.3 in [3], this implies the same result in
characteristic zero.
The second assertion is an easy consequence of the existence of a splitting in positive charac-
teristic and can be found for example in Proposition 1.2.1 in [3]. Corollary 1.6.6 in [3] extends
the result to characteristic zero. 
Recall that Z is the closure of the B ×B-orbit [I, x,w] where I = {i1, . . . , ir } ⊆ D, x ∈ WI ,
and w ∈ W .
Lemma 19. Let J ⊆ I and XJ be the corresponding G×G-orbit closure. The irreducible com-
ponents of Z ∩ XJ are [J, xv,wv] where v ∈ WI ∩ WJ such that l(wv) = l(w)+ l(v).
Proof. Part (ii) of Theorem 1.4 in [2] implies that every irreducible component meets the G×G-
orbit X◦J , so Z ∩ XJ is the union of all [J, x˜, w˜] such that [J, x˜, w˜] [I, x,w],
[J, x˜, w˜] [I, x,w] ⇔ ∃v ∈ WI ∩WJ such that l(wv) = l(w)+ l(v) and
∃u ∈ WJ such that x˜  xvu−1 and w˜uwv
⇔ ∃v ∈ WI ∩WJ such that l(wv) = l(w)+ l(v) and
[J, x˜, w˜] [J, xv,wv].
Hence, those [J, xv,wv] are the irreducible components. 
Lemma 20. Let μ ∈ Λ be a weight,
μ /∈
⋂
i∈I
α+i ⇒ H 0(Z ∩ Y,Lμ|Z∩Y ) = 0.
Here for a simple root α, denote by α+ the set {λ ∈ Λ | 〈λ, αˇ〉 0}.
Proof. Let S(w) denote the Schubert variety in G/B associated to the element w of the Weyl
group. Lemma 19 implies
Z ∩ Y =
⋃
v∈WI
l(wv)=l(w)+l(v)
[∅, xv,wv] ∼=
⋃
v∈WI
l(wv)=l(w)+l(v)
S(xvw0)× S(wv).
The restriction to Y of the line bundle Lμ is the line bundle L(G/B)−w0μ  L
(G/B)
μ on G/B × G/B .
Dabrowski shows in [8] that
H 0
(
S(w),L(G/B)μ
) = 0 ⇔ μ ∈ α+ for all α ∈ Δ such that wα ∈ Φ−.
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H 0(S(xvw0),L(G/B)−w0μ) = 0, and H 0(S(wv),L(G/B)μ ) = 0. We have
H 0
(
S(wv),L(G/B)μ
) = 0 ⇔ μ ∈ α+ ∀α ∈ Δ: wvα ∈ Φ−,
H 0
(
S(xvw0),L(G/B)−w0μ
) = 0 ⇔ −w0μ ∈ α+ ∀α ∈ Δ: xvw0α ∈ Φ−
⇔ −w0μ ∈ (−w0α)+ ∀α ∈ Δ: xvw0(−w0α) ∈ Φ−
⇔ μ ∈ α+ ∀α ∈ Δ: xvα ∈ Φ+.
Let i ∈ I . If vαi ∈ Φ−, then wvαi ∈ Φ−, because l(wv) = l(w) + l(v). If vαi ∈ Φ+, then
xvαi ∈ Φ+, because v ∈ WI and x ∈ WI . This shows that H 0(Z ∩ Y,Lμ) = 0 implies μ ∈ α+i
for all i ∈ I . 
Let n = (n1, . . . , nl) ∈ Nl0, where ni = 0 for all i /∈ I . Every non-empty open subset U of Z
meets the G×G-orbit X◦I on which σ n is non-zero, so the multiplication by
σ n :H 0(U,L−nα) → H 0(U,OZ)
is an injective map for every U ⊆ Z open. Define an ideal sheaf σ nL−nα of OZ by(
σ nL−nα
)
(U) = σ n∣∣
U
·L−nα(U) ⊆ H 0(U,Lnα ⊗O(Z) L−nα) = H 0(U,OZ)
for every open set U in Z.
Lemma 21. Let I be the ideal sheaf of Z ∩ Y in OZ .
(1) I is generated by σi1, . . . , σir , i.e.
I =
∑
n∈Nl0
ni=0 ∀i /∈I
σ nL−nα.
(2) (σi1, . . . , σir ) form a regular sequence in OZ .
(3) For all n ∈ N we have
In/In+1 ∼=
⊕
|n|=n
ni=0 ∀i /∈I
σ nL−nα|Z∩Y .
Proof. (1) σ1, . . . , σl generate the ideal sheaf IY of Y in OX (see e.g. [4] before Corollary 4).
All σi are G×G-invariant, so
σi |Z = 0 ⇔ σi |XI = 0 ⇔ i /∈ I.
As the scheme theoretical intersection Z ∩Y is reduced by Corollary 18, I is generated by those
σi where i ∈ I .
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Zj := Z ∩X{ij ,...,ir } = Z ∩
j−1⋂
k=1
Sik .
Then we have OZj = OZ/(σi1, . . . , σij−1), because Sik is the divisor corresponding to σik .
Corollary 18 assures that Zj is reduced. By Lemma 19, the irreducible components of Zj are
Zj,v := [J, xv,wv] where J = {ij , . . . , ir} and v ∈ WI ∩ WJ such that l(wv) = l(w)+ l(v). As
none of these irreducible components is completely contained in Sij , the restriction of σij to Zj,v
does not vanish for any v.
Let f ∈OZ(Z) such that σij · f = 0. Then in particular σij · f |Zj,v = 0 holds for the restric-
tion. As Zj,v is irreducible and reduced, OZ(Zj,v) is an integral domain. But σij |Zj,v = 0, so
f |Zj,v = 0. This implies f = 0, and σij is no zero divisor in OZj =OZ/(σi1, . . . , σij−1).
(3) Because of (1) we get
In =
∑
n
σ nL−nα,
where the sum is over all n = (n1, . . . , nl) ∈ Nl0 such that
∑l
i=1 ni  n and ni = 0 for all i /∈ I .
It follows directly form this that
In/In+1 ∼=
⊕
n
σ nL−nα|Z∩Y . 
Using the ideal sheaf I from the last lemma, a filtration of the B˜ × B˜-module H 0(Z,Lλ) can
be defined. Indeed, the B˜ × B˜-modules
Fn := H 0
(
Z,Lλ ⊗ In
)
, where n ∈ N0,
form a finite descending filtration of H 0(Z,Lλ). For n = (n1, . . . , nl) ∈ N0l , where ni = 0 for
all i /∈ I , the multiplication by
σ n :H 0(Z,Lλ−nα) → H 0(Z,Lλ)
is injective. As I is generated by those σi where i ∈ I , and all σi are invariant under G˜× G˜ and
therefore in particular under B˜ × B˜ ,
Fn := Im
(
σ n
)
is a B˜ × B˜-submodule of Fn, where n = |n|.
Theorem 22.
Fn =
∑
Fn,
|n|=n
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⊕
μλdom.
|λ−μ|=n
H 0(Z ∩ Y,Lμ).
Proof. The short exact sequence of sheaves on Z
0 → Lλ ⊗ In+1 → Lλ ⊗ In → Lλ ⊗ In/In+1 → 0
induces a long exact cohomology sequence
0 → Fn+1 → Fn → H 0
(
Z,Lλ ⊗ In/In+1
)→ ·· · ,
which implies the inclusion
grnH 0(Z,Lλ) = Fn/Fn+1 ↪→ H 0
(
Z,Lλ ⊗ In/In+1
)
.
Using the last lemma, we get
H 0
(
Z,Lλ ⊗ In/In+1
)= ⊕
|n|=n
σ nH 0(Z ∩ Y,Lλ−nα).
Here the sum is over all n = (n1, . . . , nl) ∈ Nl0 such that ni = 0 for all i /∈ I . Denote λ − nα by
μ, and let j /∈ I . Then
〈μ, αˇj 〉 =
〈
λ −
∑
i∈I
niαi, αˇj
〉
= 〈λ, αˇj 〉︸ ︷︷ ︸
0, because λ∈Λ+
−
∑
i∈I
ni 〈αi, αˇj 〉︸ ︷︷ ︸
0, because i =j
 0.
So either μ ∈ Λ+ =⋂li=1 α+i holds or μ /∈⋂i∈I α+i . But in the second case H 0(Z ∩ Y,Lμ) = 0
by Lemma 20. Thus, we get
H 0
(
Z,Lλ ⊗ In/In+1
)= ⊕
μλdom.
|λ−μ|=n
σ (λ−μ)H 0(Z ∩ Y,Lμ).
Altogether, there is an inclusion
grnH 0(Z,Lλ) ↪→
⊕
μλdom.
|λ−μ|=n
H 0(Z ∩ Y,Lμ).
Consider n = (n1, . . . , nl) ∈ Nl0 with ni = 0 for all i /∈ I . As the multiplication by
σ n :H 0(Z,Lλ−nα) → H 0(Z,Lλ) is an injective map, its image Fn is isomorphic to H 0(Z,Lμ)
where μ = λ− nα. Identifying ∑|n|=n H 0(Z,Lλ−nα) with ∑|n|=n Fn ⊆ H 0(Z,Lλ), we get the
well-defined restriction map∑
H 0(Z,Lλ−nα) →
⊕
H 0(Z ∩ Y,Lλ−nα),
|n|=n |n|=n
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restricts to zero on Y . For any dominant weight μ ∈ Λ+ the restriction map H 0(Z,Lμ) →
H 0(Z∩Y,Lμ) is surjective by Corollary 18. If μ = λ−∑i∈I niαi is not dominant, then there is
an index i ∈ I such that μ /∈ α+i . In this case Lemma 20 implies H 0(Z ∩ Y,Lμ) = 0. This yields
the commutative diagram
∑
|n|=n Fn
 ∑
|n|=n H 0(Z,Lλ−nα)
Fn Fn/Fn+1 = grnH 0(Z,Lλ)
⊕
μλdom.
|λ−μ|=n
H 0(Z ∩ Y,Lμ).
As this map is surjective, the first part of the assertion follows. Now Fn/Fn+1 ∼=⊕
μ H
0(Z ∩ Y,Lμ) implies
Fn ∼=
⊕
μ
H 0(Z ∩ Y,Lμ)⊕ Fn+1.
As
∑
Fn and Fn+1 are both submodules of Fn and the above map
∑
Fn →
⊕
H 0(Z ∩ Y,Lμ)
is surjective, we get
Fn =
∑
|n|=n
Fn + Fn+1.
Iterating the last steps gives
Fn =
∑
|n|=n
Fn +
∑
|n|=n+1
Fn + Fn+2 =
∑
|n|=n
Fn + Fn+2,
because F m ⊆ Fn if m = (m1, . . . ,ml) and n = (n1, . . . , nl) such that mi  ni for all 1 i  l.
As the filtration is finite, the second part of the assertion follows by induction. 
Corollary 23. The set M(λ)Z is a basis of H 0(Z,Lλ|Z).
Proof. By Proposition 14 the set M(λ)Z is linearly independent. Theorem 22 implies
dimH 0(Z,Lλ|Z) = dim grH 0(Z,Lλ|Z)
= dim
⊕
μλdom.
H 0(Z ∩ Y,Lμ|Z∩Y )
=
∑
μλdom.
∣∣{p(μ)π standard on Z ∩ Y}∣∣
= ∣∣M(λ)Z ∣∣. 
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scribed in Remark 15 is not a basis of H 0(Z,Lλ). In [1], the following counter-example is given:
Consider the group G = PSL(n + 1) over k = C and the involution θ :G → G, g → (g−1)t .
These lead to the symmetric space G/H = PSL(n + 1)/PSO(n + 1) with wonderful compact-
ification X = G/H . Let Z be a B-stable divisor that is not G-stable, i.e. Z is the closure of a
B-orbit of codimension 1 in the dense G-orbit. It can be shown, that for any regular dominant
weight λ the restriction map H 0(X,Lλ) → H 0(Z,Lλ) is surjective. But in H 0(Z,Lλ) there
are weight vectors of weights that do not appear in M(λ)Z . So the set M(λ)Z does not generate
H 0(Z,Lλ).
6. Standard monomials
Let λ ∈ Λ+ and consider the B˜× B˜-module H 0(X,Lλ). The aim of this section is to construct
a basis of this module that—like classical standard monomials—has the following properties:
(1) The elements of the basis are indexed by the set of LS-paths ⋃μλdom. Bμ. We call them
path vectors. They are weight vectors whose weight is determined by the end point of the
corresponding path.
(2) Let Z be the closure of a B ×B-orbit in X. The restriction to Z of those path vectors which
are standard on Z with respect to λ form a basis of H 0(Z,Lλ).
(3) Let Z be the closure of a B ×B-orbit in X. The restriction to Z of those path vectors which
are not standard on Z with respect to λ form a basis of the kernel of the restriction map
H 0(X,Lλ) → H 0(Z,Lλ).
Definition 25. Let λ,μ ∈ Λ+ be dominant weights and Z the closure of the B×B-orbit [I, x,w]
in X. The LS-path π ∈ Bμ and the corresponding path vector are called standard on Z with
respect to λ if π is standard on Z and μ λ such that μ = λ −∑li=1 niαi ∈ Λ+ where ni = 0
for all i /∈ I .
The set M(λ) = {σ (λ−μ)x(μ)π | μ ∈ Λ+, μ  λ, π ∈ Bμ} defined in Section 4 is a basis of
H 0(X,Lλ) that is compatible with the restriction to B × B-orbit closures. It fulfills the first two
properties. This is true for arbitrary continuations x(μ)π ∈ H 0(X,Lμ) of the standard monomials
p
(μ)
π ∈ H 0(Y,Lμ).
Now choose for any λ ∈ Λ+ and π ∈ Bλ an extension x(λ)π of the standard monomial p(λ)π ∈
H 0(Y,Lλ) to X. In general, the chosen setM(λ) = {σ (λ−μ)x(μ)π | μ ∈ Λ+, μ λ, π ∈ Bμ} does
not have property (3), because the restriction of σ (λ−μ)x(μ)π to a B × B-orbit on which π is not
standard does not need to be zero. But starting from those, new standard monomials σ (λ−μ)y(μ)π
can be constructed as linear combinations of the σ (λ−μ)x(μ)π , which have all three properties.
Theorem 26. Let λ ∈ Λ+ be a dominant weight. For each π ∈ Bλ there is a global section
y
(λ)
π ∈ H 0(X,Lλ) such that y(λ)π |Y = p(λ)π and y(λ)π |Z = 0 for all B × B-orbit closures Z on
which π is not standard.
Proof. The claim is proven by constructing y(λ)π recursively for all λ. Let λ ∈ Λ+. Assume
that y(μ)ν , where ν ∈ Bμ, is already constructed for all dominant μ < λ. Take a path π ∈ Bλ and
consider
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⋃
π not standard
on [I,x,w]
[I, x,w] ⊆ X.
If π is not standard on the closure [I, x,w] of a B × B-orbit [I, x,w], it is not standard on the
closure of any B × B-orbit contained in [I, x,w] either. So Zˆπ is closed and B × B-stable. Its
irreducible components Z1, . . . ,Zt are closures of B × B-orbits. The restriction of x(λ)π to each
Zi is a linear combination of elements inM(λ)Zi of the same weight. Hence, there are coefficients
αiν, βiν ∈ k such that
x(λ)π
∣∣
Zi
=
∑
ν∈Bλ
ν standard on Zi
ν(1)=π(1)
αiνx
(λ)
ν
∣∣
Zi
+
∑
μ<λdom.
ν∈Bμ
ν standard on Zi w.r.t. λ
ν(1)=π(1)
βiνσ
(λ−μ)y(μ)ν
∣∣
Zi
.
This yields for the restriction to Zi ∩ Y
x
(λ)
π |Zi∩Y
∑
αiνx
(λ)
ν |Zi∩Y
p
(λ)
π |Zi∩Y
∑
αiνp
(λ)
ν |Zi∩Y .
As π is not standard on Zi ∩ Y , we have p(λ)π |Zi∩Y = 0. But the restrictions p(λ)ν |Zi∩Y form a
basis of H 0(Zi ∩ Y,Lλ), thus αiν = 0 for all ν.
In case λ ∈ Λ+ is minimal with respect to the order, that means there is no dominant μ < λ,
this implies that every extension of p(λ)π to X has the required properties. Actually, we have an
isomorphism H 0(X,Lλ) ∼= H 0(Z,Lλ), so the choice of the extension is canonical. Denote this
extension by y(λ)π .
For λ not minimal, the equation
x(λ)π
∣∣
Zi
=
∑
μ<λ dom.
ν∈Bμ
ν standard on Zi w.r.t. λ
ν(1)=π(1)
βiνσ
(λ−μ)y(μ)ν
∣∣
Zi
remains. The following argument shows that the coefficients βiν may be chosen in such a way
that βiν = βjν for all i, j ∈ {1, . . . , t}. If ν is not standard on Zi , then y(μ)ν |Zi = 0, and βiν
can be chosen arbitrarily. But each ν is standard on at least one irreducible component Zi . If ν
is standard on two irreducible components Zi and Zj , then it is standard on their intersection
Zi ∩Zj as well. This fact is a generalization of the analogous fact for Schubert varieties and it is
proved subsequently in Lemma 28. We have
x(λ)π
∣∣
Zi∩Zj =
∑
ν standard on Zi
βiνσ
(λ−μ)y(μ)ν
∣∣
Zi∩Zj =
∑
ν standard on Zj
βjνσ
(λ−μ)y(μ)ν
∣∣
Zi∩Zj .w.r.t. λ w.r.t. λ
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ν standard on Zi∩Zj
w.r.t. λ
βiνσ
(λ−μ)y(μ)ν
∣∣
Zi∩Zj =
∑
ν standard on Zi∩Zj
w.r.t.λ
βjνσ
(λ−μ)y(μ)ν
∣∣
Zi∩Zj .
But all appearing σ (λ−μ)y(μ)ν |Zi∩Zj are linearly independent. Therefore we get βiν = βjν . Defin-
ing βν := β1ν = · · · = βtν leads to
x(λ)π
∣∣
Zˆπ
=
∑
βνσ
(λ−μ)y(μ)ν
∣∣
Zˆπ
.
Now take
y(λ)π := x(λ)π −
∑
βνσ
(λ−μ)y(μ)ν .
This yields for the restriction to Y
y(λ)π
∣∣
Y
= x(λ)π
∣∣
Y
− 0 = p(λ)π
and for the restriction to Zˆπ
y(λ)π
∣∣
Zˆπ
= x(λ)π
∣∣
Zˆπ
−
∑
βνσ
(λ−μ)y(μ)ν
∣∣
Zˆπ
= 0. 
Corollary 27. Let λ ∈ Λ+. The set
S(λ) := {σ (λ−μ)y(μ)ν ∣∣ μ ∈ Λ+, μ λ, π ∈ Bμ}
has properties (1)–(3).
To complete the proof of Proposition 26, it remains to show
Lemma 28. Let Z1, Z2 be irreducible components of Zˆπ where π ∈ Bλ. If μ < λ is dominant
and ν ∈ Bμ is standard on Z1 and Z2 with respect to λ, then ν is also standard on Z1 ∩Z2 with
respect to λ.
Proof. Let Z1 = [I1, x1,w1], Z2 = [I2, x2,w2], and λ−μ =∑nkαk . From ν ∈ Bμ standard on
Zi follows nk = 0 ∀k /∈ Ii , hence nk = 0 ∀k /∈ I1 ∩ I2. As we have Z1 ∩Z2 ⊆ XI1∩I2 , the weight
μ has the property stated in Definition 25.
By definition, the path ν ∈ Bμ is standard on Zi if and only if ν is standard on Zi ∩ Y . It
remains to show that a path which is standard on two Schubert varieties in G/B × G/B is also
standard on their intersection.
Let ν ∈ Bμ be standard on Yi = [∅, xi,wi], i = 1,2. We claim that in that case ν is also
standard on Y1 ∩ Y2. Indeed, ν is standard on Y = [∅, x,w] ∼= S(xw0) × S(w) if and only if
i(ν) (xw0,w), where i(ν) is the initial direction of the path i(ν). Denoting i(ν) = (x˜w0, w˜),
ν is standard on Y if x˜  x and w˜ w. In particular, ν is standard on [∅, x˜, w˜],
K. Appel / Journal of Algebra 310 (2007) 70–87 87ν standard on Y1 and Y2 ⇔ x˜  x1, x˜  x2, w˜ w1, w˜ w2
⇔ [∅, x˜, w˜] [∅, x1,w1] and [∅, x˜, w˜] [∅, x2,w2]
⇔ [∅, x˜, w˜] ⊆ Y1 ∩ Y2
⇒ ν standard on Y1 ∩ Y2. 
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